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CONSTRUCTION OF CONJUGATE FUNCTIONS
PAWE NUROWSKI
Abstrat. We nd all pairs of real analyti funtions f and g in Rn suh
that |∇f | = |∇g| and (∇f)(∇g) = 0.
We onsider the following problem: Let n ≥ 3. Find all pairs of funtions (f, g),
f : Rn → R, g : Rn → R suh that
|∇f | = |∇g|, (∇f)(∇g) = 0.
Funtions f and g onstituting suh a pair are alled onjugate.
Finding a pair of onjugate funtions (f, g) is equivalent to nding a omplex
valued funtion h : Rn → C suh that
(∇h)(∇h) = 0.
Having h one gets f and g as its real and imaginary parts, respetively.
Solving the problem at algebrai level, one needs to nd a nie representation
for null vetors in Cn. This may be done by means of spinors.
The solution of the problem in dimension n = 3 is as follows.
We onsider R3 with oordinates (x, y, z). The most general form of ∇h is given
in terms of two omplex-valued funtions (a spinor) (φ1, φ2)
hx = φ
2
1 − φ
2
2, hy = i(φ
2
1 + φ
2
2), hz = 2φ1φ2.
Now, the integrability ondition for existene of h is
d [ (φ21 − φ
2
2)dx+ i(φ
2
1 + φ
2
2)dy + 2φ1φ2dz ] = 0,
whih is equivalent to
[φ1(dx + idy) + φ2dz] ∧ dφ1 + [−φ2(dx − idy) + φ1dz] ∧ dφ2 = 0.
This motivates introdution of two funtions
X1 = φ1(x+ iy) + φ2z, X2 = −φ2(x− iy) + φ1z.
Having them the integrability ondition is:
d(X1dφ1 +X2dφ2) = 0.
Its general solution analyti in (x, y, z) is
X1 = F1(φ1, φ2) X2 = F2(φ1, φ2),
where F = F (φ1, φ2) is a omplex valued funtion analyti in both variables, and
F1 =
∂F
∂φ1
, F2 =
∂F
∂φ2
.
Expliitely, one nds φ1 and φ2 speifying F and solving the algebrai equations
φ1(x+ iy) + φ2z = F1(φ1, φ2)
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−φ2(x− iy) + φ1z = F2(φ1, φ2).
One (φ1, φ2) is found then h =
∫
(φ21 − φ
2
2)dx, whih solves the problem.
So in dimensin n = 3 the onlusion is that the general analyti solution is
generetated by one omplex analyti funtion F of two variables.
Although, for arbitrary n we an not use spinors anymore, a similar proedure
works for any n ≥ 3.
In Rn we introdue oordinates (x1, x2, ..., xn) and parametrize a general null
vetor (hx1 , hx2, ..., hxn) by means of n− 1 omplex funtions (φ1, φ2, ..., φn−1) via
hx1 = φ
2
1 + φ
2
2 + ...+ φ
2
n−2 − φ
2
n−1
hx2 = i(φ
2
1 + φ
2
2 + ...+ φ
2
n−2 + φ
2
n−1)
hx3 = 2φ1φn−1
...
hxk = 2φk−2φn−1
...
hxn = 2φn−2φn−1.
This parametrization is known in the theory od minimal surfaes [4℄.
Now the integrability ondition
d [hx1dx1 + hx2dx+...+ hxndxn] = 0
for existene of h : Rn → C is
d[X1dφ1 +X2dφ2 + ...+Xn−1dφn−1] = 0
with n− 1 funtions (X1, X2, ..., Xn−1) given by
X1 = φ1(x1 + ix2) + φn−1x3
X2 = φ2(x1 + ix2) + φn−1x4
...
Xn−2 = φn−2(x1 + ix2) + φn−1xn
Xn−1 = −φn−1(x1 − ix2) + φ1x3 + φ2x4 + ...+ φn−2xn.
Thus, similarly to the n = 3 ase, we rst hoose an arbitrary holomorphi funtion
F = F (φ1, φ2, ..., φn−1) of n− 1 omplex variables and, denoting its derivatives by
Fi =
∂F
∂φi
, i = 1, 2, ..., n− 1, solve algebrai equations
F1 = φ1(x1 + ix2) + φn−1x3
F2 = φ2(x1 + ix2) + φn−1x4
...
Fn−2 = φn−2(x1 + ix2) + φn−1xn
Fn−1 = −φn−1(x1 − ix2) + φ1x3 + φ2x4 + ...+ φn−2xn,
for (φ1, φ2, ..., φn−1) as funtions of (x1, x2, ..., xn). Then h is found by simple
integration to be e.g. h =
∫
2φn−2φn−1dxn.
We note that, under some regularity assumptions on the funtion F , equa-
tions (0.1) assoiate to any solution h an n-dimensional real hypersurfae Mn
embedded in Cn−1. One gets the equations for this hypersurfae in oordinates
(φ1, φ2, ..., φn−1) ∈ C
n−1
by elliminating the real parameters (x1, x2, ..., xn) from
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equations (0.1). For example if n = 3, given F = F (φ1, φ2), we have a 3-dimensional
real hypersurfae M3 in C
2
dened by
M3 = { (φ1, φ2) ∈ C
2 : Im(F1φ¯2 − F2φ¯1) = 0 }.
In ase of n = 4, given F = F (φ1, φ2, φ3) we have
M4 = { (φ1, φ2, φ3) ∈ C
3 :
0 = Im
(
φ¯3 [F1(φ
2
2φ¯
2
1 + |φ2|
4 − |φ1φ3|
2 − |φ3|
4)−
F2(|φ2|
2φ1φ¯2 + (|φ1|
2 + |φ3|
2)φ2φ¯1) + F3φ3(φ1φ¯
2
2 + (|φ1|
2 + |φ3|
2)φ¯1)]
)
0 = Im
(
φ¯3 [F1(|φ1|
2φ2φ¯1 + (|φ2|
2 + |φ3|
2)φ1φ¯2)−
F2(φ
2
1φ¯
2
2 + |φ1|
4 − |φ2φ3|
2 − |φ3|
4)− F3φ3(φ2φ¯
2
1 + (|φ2|
2 + |φ3|
2)φ¯2)]
)
}.
We also note that hypersurfaesMn are foliated by (n−2)-dimensional leaves whih
are the images under the map (x1, x2, ..., xn) 7→ (φ1, φ2, ..., φn−1) of the intersetions
in R
n
of the level surfaes f = c1 and g = c2 orresponding to the onjugate
funtions (f, g) assoiated with h. Thus, in partiular, M3 has a distinguished
foliation by real urves and M4 has a distinguished foliation by real surfaes.
Returning to our original problem it is interesting to note that slightly dierent
proedure, based on a three-linear representation of a omplex null vetor, an be
used to solve the problem in dimension n = 5.
In R5 we use oordinates (x, y, z, t, u). Now we write a null vetor (hx, hy, hz, ht, hu)
in terms of six funtions (φ1, φ2, φ3, φ4, φ5, φ6) as follows:
hx = i(φ1φ2 + φ3φ4)φ5 −
1
2
(φ21 + φ
2
2 − φ
2
3 − φ
2
4)φ6,
hy = i(−φ1φ3 + φ2φ4)φ5 + (φ2φ3 − φ1φ4)φ6
hz = (−φ1φ2 + φ3φ4)φ5 −
i
2
(φ21 + φ
2
2 + φ
2
3 + φ
2
4)φ6
ht = (φ1φ3 + φ2φ4)φ5
hu = (φ1φ3 + φ2φ4)φ6.
Chek that h2x + h
2
y + h
2
z + h
2
t + h
2
u = 0. Remarkably again, the integrability
onditions
d [hxdx+ hydy + hzdz + htdt+ hudu ] = 0
are equivalent to
d(Xdφ1 + Y dφ2 + Zdφ3 + Tdφ4 + Udφ5 +Wdφ6) = 0,
where
X = φ3φ5(t− iy)− (φ1φ6 − iφ2φ5)(x + iz)− φ4φ6y + φ3φ6u
Y = φ4φ5(t+ iy)− (φ2φ6 − iφ1φ5)(x + iz) + φ3φ6y + φ4φ6u
Z = φ1φ5(t− iy) + (φ3φ6 + iφ4φ5)(x − iz) + φ2φ6y + φ1φ6u
T = φ2φ5(t+ iy) + (φ4φ6 + iφ3φ5)(x− iz)− φ1φ6y + φ2φ6u
U = φ1φ3(t− iy) + φ2φ4(t+ iy) + iφ1φ2(x + iz) + iφ3φ4(x− iz)
W = − 1
2
(φ21 +φ
2
2)(x+ iz)+
1
2
(φ23 +φ
2
4)(x− iz)+ (φ2φ3−φ1φ4)y+(φ1φ3 +φ2φ4)u.
Thus taking an analyti funtion F = F (φ1, φ2, φ3, φ4, φ5, φ6) of six variables, and
solving algebrai equations
F1 = φ3φ5(t− iy)− (φ1φ6 − iφ2φ5)(x + iz)− φ4φ6y + φ3φ6u
F2 = φ4φ5(t+ iy)− (φ2φ6 − iφ1φ5)(x+ iz) + φ3φ6y + φ4φ6u)
F3 = φ1φ5(t− iy) + (φ3φ6 + iφ4φ5)(x − iz) + φ2φ6y + φ1φ6u
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F4 = φ2φ5(t+ iy) + (φ4φ6 + iφ3φ5)(x − iz)− φ1φ6y + φ2φ6u
F5 = φ1φ3(t− iy) + φ2φ4(t+ iy) + iφ1φ2(x+ iz) + iφ3φ4(x− iz)
F6 = −
1
2
(φ21 + φ
2
2)(x+ iz)+
1
2
(φ23 + φ
2
4)(x− iz)+ (φ2φ3 − φ1φ4)y+ (φ1φ3 + φ2φ4)u
for (φ1, φ2, φ3, φ4, φ5, φ6) as funtions of (x, y, z, t, u), we generate a solution to
(∇h)(∇h) = 0 via, for example, an integral h =
∫
[(φ1φ3 + φ2φ4)φ6]du.
This note is motivated by a paper [1℄. It reminds very muh the Kerr theorem
(see e.g. [2, 3℄).
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